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Abstract

We study a prototypical three degrees of freedom chaotic scattering system
depending on a perturbation parameter. For one limiting case of the parameter,
the system has a conserved quantity and can be reduced to a two degrees of
freedom system. And for the other limiting case, the chaotic invariant set is
completely hyperbolic and forms a dust. For the reducible case the dynamics
of the Poincaré map is directed by a normally hyperbolic invariant manifold
and this four dimensional map can be understood with the help of a Cartesian
product of a circle with a continuous stack of reduced two dimensional maps.
As the perturbation sets in, for small values of the perturbation parameter the
normally hyperbolic invariant manifold persists and only for larger values of
the perturbation it turns into dust. We give details of this decay and describe the
corresponding changes of singularities in the scattering functions. An important
tool for the study of the development scenario of the normally hyperbolic
invariant manifold is the restriction of the Poincaré map to this subset itself. It
behaves like a two dimensional perturbed twist map. We explain how it can be
approximated numerically by a combination of the full dimensional Poincaré
map with a projection.
Keywords: chaos in classical mechanics, scattering, normally hyperbolic
invariant manifold
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1. Introduction
While scattering chaos in Hamiltonian two degrees of freedom (2-dof) systems has been
studied in detail during the last 30 years, relatively little has been done for scattering chaos
with more dof, see the recent review [1]. Of course, we would like to take advantage of the good
knowledge of 2-dof chaos when attacking the harder problem of 3-dof chaos. One strategy to
achieve this has been initiated in [2] leading to the following idea: start with a 3-dof system
having one symmetry and one corresponding conserved quantity such that the system can be
reduced to a 2-dof system. Then the phase space of the full 3-dof system has a corresponding
invariant foliation into the level sets of the conserved quantity. And the four dimensional
domain of the Poincaré map of the full 3-dof system is built up as a Cartesian product of a
circle representing the cyclic angle with a stack of two dimensional planes belonging to the
Poincaré maps of the reduced system where the conserved quantity serves as stack parameter.
For a detailed explanation of this idea see [3], for its application to scattering off a perturbed
magnetic dipole see [4]. We know that in two dimensional maps the outermost fixed points
play an important role and direct the whole scattering dynamics. The product of the stack of
these points with the circle of the cyclic angle becomes a two dimensional invariant surface
which is unstable in transverse direction and neutrally stable in tangential direction. It is an
example for a normally hyperbolic invariant manifold (NHIM). For general information on
NHIMs see [5], for their role as transition states and points of no return in scattering processes
see [6, 7].
To approach the true 3-dof system in which we are really interested we introduce a
perturbation into the system which destroys the symmetry and the conserved quantity. Here we
have to distinguish two rather different possibilities: first, there are systems where the outermost
NHIM (the one belonging to the outermost fixed point of the reduced system) sits far out in
the asymptotic region and is not affected itself by perturbations of the interaction. Examples of
this case have appeared and been studied in [3, 8]. Here the perturbation only makes the stable
and unstable manifolds of the outermost NHIM fold in a more complicated form and causes
higher complexity of the homoclinic/heteroclinic intersection pattern. However, the NHIM
itself stays the same. Second, the outermost NHIM can sit in the region where the perturbation
acts strongly and then the NHIM may be modified essentially when the perturbation becomes
large. The purpose of this paper is to present a typical example for this second possibility. The
model is constructed such that we can reach hyperbolicity for large perturbation and thereby
we have the opportunity to study the decay of a NHIM to dust.
In section 2 we give the model and in section 3 we explain the structure of the NHIM in
the case of perturbation zero. Section 4 investigates the scattering function and in particular
its fractal set of singularities and the changes of this fractal when the perturbation parameter
goes from 0 to 1. To visualize the development scenario of the NHIM we study in section 5 the
restriction of the Poincaré map to the NHIM resulting in a typical two dimensional Poincaré
map following a perturbation scenario which is well known from the standard map [9].
Section 6 describes the development scenario of the NHIM. In sections 2 through 6 we present
the results for a particular model system which is however representative for a whole class of
systems and in this sense is a prototypical example. In the final section 7 we summarize the
results, rephrase them in a more general form and point out some interesting open problems.
2. A prototypical model system
A dynamical system can be represented equally well by either a flow or by a map. In the case
of a Hamiltonian system with n dof we have the choice between the Hamiltonian flow in the
2
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2n dimensional phase space which is foliated into the flows in the 2n − 1 dimensional energy
surfaces on one hand, and the Poincaré map for fixed energy in its 2n − 2 dimensional domain
on the other hand. Since it is more convenient to investigate a map we will concentrate in
this paper on the representation of the system by its Poincaré map and accordingly define the
dynamics by giving the map.
We have in mind a mechanical scattering system with two open and one closed dof. We
might think of a particle moving in a two dimensional position space under the influence of
a short range potential and in addition having a coupling to an oscillator. Then it is natural
to use in the position space either the usual Cartesian coordinates x and y and the conjugate
momenta px and py or the usual polar coordinates r and φ and their conjugate momenta pr and
L. For the oscillator it is most convenient to use the action and angle coordinates I and θ . As
intersection condition for the Poincaré map we use θ mod 2π = 0. In the case of an harmonic
oscillator the Poincaré map thereby coincides with a stroboscopic map where the stroboscope
time T is the oscillator period.
The domain of the map is the four dimensional space of either the coordinates x, y, px
and py or the coordinates r, φ, pr and L. To use the closed dof to trigger the map has the great
advantage that any initial point in the whole domain of the map has an infinite number of
iterated images and an infinite number of iterated preimages. In contrast to many other choices
of Poincaré maps we do not have to worry about initial points without image or without
preimage.
A convenient way to set up explicit models for such a Poincaré map is to start with a
Hamiltonian having a periodically delta kicked potential. This Hamiltonian can be presented
in two different ways. The first possibility is to write it as an autonomous 3-dof system with a
Hamiltonian of the form



ωδ(θ − (2n + 1)π )V (x, y)
(1)
H(x, y, φ, px , py , I) = p2x + p2y 2 + ωI +
n∈Z

where ω = 2π /T with T the period of the oscillator and V is any potential in the position
space falling off to zero sufficiently fast for r → ∞. To obtain a symmetric form of the
map we have chosen the phase of the kick exactly in the middle between two consecutive
intersection conditions. Equally well we can express the system by the explicitly time
dependent Hamiltonian



δ(t − (n + 1/2)T )V (x, y).
(2)
H(x, y, px , py , t ) = p2x + p2y 2 +
n∈Z

Let us pick at time t = 0 an initial point with coordinates (x0 , y0 , px,0 , py,0 ). Its image
point reached at time t = T has coordinates (x1 , y1 , px,1 , py,1 ). The map is obtained in closed
form by the following three step process:
step 1:
x = x0 + T px,0 /2, y = y0 + T py,0 /2
step 2:
px,1 = px,0 −

∂V  
∂V  
(x , y ), py,1 = py,0 −
(x , y )
∂x
∂y

step 3:
x1 = x + T px,1 /2, y1 = y + T py,1 /2.
3
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For the numerical examples of demonstration shown below we always use the value T = 2
and the following potential function
V (x, y) = (1 − )V1 (x, y) + V2 (x, y)

(4)

V1 (r, φ) = r2 exp(−r2 )

(5)

V2 (x, y) = 5 exp(−x4 /4 + x2 /2 − y4 /4 + y2 /2).

(6)

where

With the parameter  going from 0 to 1 we switch continuously from potential V1
to potential V2 . We choose V1 rotationally symmetric and V2 without rotational symmetry.
Therefore  is the perturbation parameter of the rotational symmetry. Note that V1 forms a
barrier with maximum at r = 1 which acts as point of no return when the particle crosses the
barrier with a positive value of pr .
3. The chaotic invariant sets in the symmetric case
In this section we give information on the case  = 0 which will be helpful later. In this special
case the angular momentum L is a conserved quantity and φ is a cyclic angle and therefore
is irrelevant, only the projection of the map into the r, pr plane matters. In this plane the
projection has two fixed points as long as the numerical value of L is not too large. Depending
on the parameter values the inner one is either elliptic or inverse hyperbolic. And there is an
outer one related to the barrier of the radial potential. The outer fixed point is always normal
hyperbolic. For a finite value of L = Lmax whose value depends on T these two fixed points
fall together and are destroyed in a saddle-centre bifurcation. For T = 2 which we will use in
the later numerical examples we have Lmax ≈ 0.252 67. For L > Lmax the map does not have
localized trajectories. For L < Lmax the invariant manifolds of the outer fixed point create a
homoclinic tangle representing a Smale horseshoe construction in the map. This homoclinic
tangle is the skeleton of the chaos in the dynamics. In figure 1 we show this tangle for six
values of L. Finite segments, i.e. a finite number of tendrils, of the stable (blue in the colour
version) and unstable (red in the colour version) manifolds of the outer fixed point are plotted.
The outer fixed point itself is marked as open circle (green in the colour version).
We observe the usual development scenario of a binary horseshoe as described e.g. in
[10]. As has been shown in [11] this development scenario has very little freedom, it is almost
universal in its large scale properties. For small values of L the trajectories come close to r = 0
which is a coordinate singularity of the polar coordinates used in the plots of the horseshoe.
Therefore close to this singularity the plot looks very squeezed together. And for the case
L = 0 where the point r = 0 itself can be reached a part of the horseshoe plot collapses into
the line r = 0. For larger values of L the angular momentum barrier keeps trajectories away
from r = 0. Note that in the plots the stable manifold is obtained from the unstable manifold
by a reflection of the momentum coordinate. This is a consequence of having chosen the
intersection condition exactly in the middle between two consecutive kicks. Thereby the time
reversal symmetry of the Hamiltonian system is transformed into this upside down symmetry
of the Poincaré map. For a pictorial explanation of the horseshoe construction in general see
chapter 14 of [12].
For this particular system the horseshoe for −L is exactly the same as the one for L because
the Hamiltonian is even in L. The larger eigenvalue λ⊥ of the outer fixed point depends on L
and for later arguments the function λ⊥ (L) will be useful, it is plotted in figure 2. It should
4
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 1. Horseshoe in the reduced Poincaré map for the symmetric case  =

0 for 6 values of L. Parts (a), (b), (c), (d), (e), ( f ) show the case of L =
0.03, 0.1, 0.14, 0.2, 0.23, 0.25 respectively. The outer fixed point is marked by an open
circle (green in the colour version). Several tendrils of its stable and unstable manifold
are plotted. In the colour version the stable manifold of the outer fixed point is plotted
as a blue line and the unstable manifold as a red line.
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Figure 2. Eigenvalue λ⊥ of the outer fixed point of the horseshoe in the reduced Poincaré

map for  = 0 as function of L.

be continued symmetrically for negative values of L. The value of λ⊥ for L = 0 is calculated
analytically as

(7)
λ⊥ (0) = 1 + 4/e + 8/e + 16/e2 ≈ 4.73.
Next we give some information on the horseshoes which will help to understand better
the scattering functions investigated in the next section. From the hyperbolic point start two
branches of the stable manifold and two branches of the unstable manifold. The branches
going to the outward direction are smooth lines going to infinity monotonically. The branches
going locally to the inside direction grow an infinity of tendrils and thereby form a fractal
which is locally the Cartesian product between a line and a Cantor set. This Cantor set is given
for example by the intersection of the bundle of tendrils of the stable manifold with the inner
local segment of the unstable manifold. Note that also the intersection between the bundle of
tendrils of the stable manifold with a smooth line running parallel but a little outside to the local
segment of the unstable manifold gives the same Cantor set. However, this parallel line is a
high iterate of some line of initial conditions in the incoming asymptotic region, i.e. the region
r large and pr negative. In addition any homoclinic point in the horseshoe is some iterate of a
homoclinic point lying on the local segment of the inner branch of the unstable manifold. In
total, the intersection pattern between a line of asymptotic initial conditions with the bundle
of tendrils of the stable manifold contains the complete information on the horseshoe. The
asymptotic observer takes advantage of this connection when he uses the singularity pattern of
scattering functions to reconstruct from asymptotic observations information on the horseshoe
lying in the interaction region.
To get the stack idea we now imagine that we construct the horseshoe for the whole
continuum of L values and form the stack of this continuum where L serves as stack parameter.
Thereby we arrive at a three dimensional object where the fixed points of the two dimensional
map are piled up to one dimensional lines. Finally we form the Cartesian product of this stack
with a circle representing the cyclic angle φ. By this process fixed points of the reduced system
form a two dimensional NHIM in the four dimensional domain of the Poincaré map of the
3-dof system. For general information on NHIMs see [5]. The stable and unstable manifolds
of a NHIM are the stacks of the invariant manifolds of the fixed points in the reduced map.
6
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They are surfaces of codimension one and divide regions of phase space with qualitatively
different behaviour. For a detailed discussion of some topological and dimensional aspects of
3-dof chaotic scattering see also [13]. These manifolds go out into the asymptotic region and
form the patterns seen by an asymptotic observer as will be explained in detail in the next
section.
The outer fixed point of the reduced map is the element of the chaotic invariant set with
the largest value of the coordinate r. For every value of L this property is inherited by the
NHIM formed over the outer fixed point in the construction of the stack. In this sense the
NHIM described above is the outermost element of the chaotic invariant set also in the case of
the four dimensional map. There is an infinity of further invariant subsets of the chaotic set,
but they are of less importance for the scattering dynamics. When we speak in the following
of ‘the’ NHIM then we always refer to the outer one. The outer NHIM over the barrier of the
potential acts as transition state and as point of no return. For more details on these aspects
see [6, 7].
There are mathematical theorems for the persistence of NHIMs under small perturbations
[14, 15]. They guarantee that for small perturbations the NHIM survives as an invariant two
dimensional surface which is only deformed smoothly compared to the unperturbed case even
though there happen an infinity of bifurcations in the restriction of the map to the NHIM.
However, these theorems do not say what happens to the NHIM under large perturbations.
Before we come in section 5 to the changes of the NHIM under perturbations we first show
in the next section how an asymptotic observer measuring scattering events sees fantastic
changes of patterns when letting the perturbation parameter go from 0 to 1.
4. Fractals of singularities in the scattering function
The potentials of equations (5) and (6) fall off exponentially for large distances. This is
sufficient to fulfil all asymptotic conditions of classical scattering. In more generality we
require that the potential falls off at least like r−2 in any direction. For a scattering system
defined by a four dimensional map an asymptotic trajectory is fixed by giving four quantities
which are conserved under the asymptotic limit of the dynamics. A convenient choice for our
class of systems is the following: as the first two quantities we use the two-component vectorial
momentum p of the particle or equivalently magnitude and direction of the momentum. Note
that asymptotically the magnitude of the momentum coincides with |pr | and that giving p is
equivalent to giving the kinetic energy of the particle and its direction of motion. As third
asymptotic label we use the angular momentum L which is equivalent to the impact parameter.
And finally we have to include the relative phase shift χ between the clock which triggers the
map and the particle motion. It is the reduced distance converted to a phase:
χ = 2π (r/(pr T ) mod 1).

(8)

Note that in the limit r → ∞ two initial points where r differs by pr T and the other three
coordinates are the same describe the same trajectory. This means, initial conditions differing
in χ by a multiple of 2π represent the same trajectory, and therefore they should be identified.
Thereby χ is restricted to the interval [0, 2π ) and the endpoints of this interval should be
identified such that the space of χ becomes a circle. From the asymptotic limit of the map of
equation (3) it is seen immediately that asymptotically χ becomes a conserved quantity.
The complete scattering map gives us the outgoing scattering asymptote as function of
the incoming one. In the following we only use a more restricted set of information which is
provided by the time delay as function of the incoming variables Lin and χin for fixed pin . In
detail: let us start a scattering trajectory at time t = 0 at the initial point rin , pr,in , φin , Lin in the
7
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incoming asymptotic region of the domain of the map, i.e. with r large and pr negative. Later
at time t we find the trajectory in the outgoing asymptotic region (i.e. r large and pr positive)
with coordinates rout , pr,out , φout , Lout . Then we define the time delay t as the actual time t
the trajectory needed minus the asymptotic contributions
t = t − rin /|pr,in | − rout /pr,out .

(9)

In the following we keep pin fixed and study t as a function of χin and Lin . Remember
that χin is fixed by giving rin and pr,in according to equation (8). Whenever the initial point
lies on the stable manifold of an invariant subset localized in the interaction region, e.g. of
a NHIM, then t becomes infinite. Points in the initial χin , Lin plane where t is large are
points close to intersections of this plane with a stable manifold of an invariant subset in the
interaction region. There is an infinity of invariant subsets in the interaction region. However,
their stable manifolds run close to the stable manifolds of the outer NHIM. Therefore the
pattern seen by an asymptotic observer is already determined completely by the intersection
of the stable manifold of the outer NHIM with the plane of asymptotic initial conditions. In
this sense the subset of points of high values of t in the plane of initial conditions indicates
the intersection pattern of this plane with the stable manifold of the outer NHIM.
Next we give numerical examples for this intersection pattern in the χin , Lin plane for
12 values of the perturbation parameter . In figure 3 we show the result for the example of
φin = 0 and in figure 4 for the example of φin = 0.8. In both cases we use pr,in = −1.
For  small the singularity set looks similar to (and is approximately ) a Cartesian product
of a fractal with a circle. The fractal pattern along any horizontal line in figures 3(a) or 4(a)
is determined by the horseshoe of figure 1 for the corresponding value of L. It coincides with
the intersection pattern in figure 1 between a line running parallel to the local segment of the
unstable manifold with the fractal bundle of tendrils of the stable manifold. Remember the
discussion below equation (7) in the previous section.
Between  = 0.1 and  = 0.15 we see the first cases of breaking the lines on large scale
and for the formation of new patterns. For increasing values of  the structures decay more
and more into disjoint fragments. However until  ≈ 0.6 we can find in magnifications some
remnants of structures looking more complicated than a perfect dust. For  = 0.7 the fractal
has decayed to pure dust. As soon as  = 0 the scattering function and therefore also its
pattern of singularities really depends on φin . Accordingly figure 4 appears rather different
from figure 3 even though it shows the bundle of stable manifolds of the same chaotic invariant
set only sliced in a different plane. Of course, the qualitative properties seen and also the fractal
dimension D of the singularities are the same in both figures.
In figure 5 we present the box-counting dimension D0 of the singularity set seen in figures 3
and 4 as function of the perturbation parameter . For this calculation we applied a more
sophisticated numerical method for identifying singularities, which is based on the outgoing
angle φout of scattering trajectories. Still, the numerical calculation of fractal dimensions is
based on structures up to a finite level of resolution and accordingly to a finite level of hierarchy.
It can only be an approximation to the true dimension. See [16, 17] for some interesting and
relevant remarks on the problems of a numerical estimate of fractal dimensions.
Note that the dimension changes little until  ≈ 0.09, between 0.09 and 0.25 it decreases
significantly but rather smoothly. Beyond 0.25 comes a region of more complicated behaviour
as well in the singularity plots in figures 3 and 4 as in the dimension plot of figure 5. At the
beginning of this region the decrease of the dimension stops and it only continues after a small
bump. The dimension becomes smaller than 1 around  ≈ 0.6, exactly when the singularity
set changes to perfect dust and for larger values of  the dimension decreases slowly and
8
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 3. Singularities in the scattering function in (i.e. the intersection of the chaotic
set’s stable manifold with ) the χin −Lin plane for 12 values of the perturbation parameter
 and for incoming direction φin = 0. Parts (a), (b), (c) , (d), (e), ( f ), (g), (h), (i), ( j),
(k), (l) show the results for  = 0, 0.05, 0.1, 0.15, 0.2, 0.25, 0.3, 0.35, 0.4, 0.5, 0.7,
1 respectively. Points with large values of the time delay are marked. The incoming
kinetic energy always has the value 0.5.

9

F Gonzalez et al

J. Phys. A: Math. Theor. 47 (2014) 045101

(g)

(h)

(i)

( j)

(k)

(l )

Figure 3. (Continued.)

smoothly. In the next section this behaviour will be compared to changes of the NHIM under
increasing perturbation.
It is worth mentioning two properties of the dimension. Let D0,2
0 be the value of the
dimension shown in figure 5 for  = 0. In addition, measure the dimension of the singularities
of the scattering function along the one dimensional curve L = 0. Let this value be D0,1
0 .
Because of the above mentioned approximate product structure of the fractal we find
10
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 4. Singularities in the scattering function in the χin − Lin plane for 12 values
of the perturbation parameter  and for incoming direction φin = 0.8. Otherwise as
figure 3.
0,1
D0,2
0 = D0 + 1.

(10)

This tendency of 3-dof systems with one conserved quantity to form fractals which
are approximately the product of a fractal along a line with a circle seems to be a general
phenomenon. It has also been observed in the systems investigated in [3, 4]. This behaviour is
11
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(g)

(h)

(i)

( j)

(k)

(l)

Figure 4. (Continued.)

not so surprising if we associate the trivial factor (the circle ) with the dof having the conserved
quantity and associate the fractal along a line with the remaining reduced 2-dof chaotic system.
Now do something similar for  = 1. Let the value of the dimension in figure 5 for  = 1 be
D1,2
0 . In addition, measure again the dimension of the singularities of the scattering function
along the one dimensional curve L = 0 for φin = 0, i.e. in figure 3(l). Because of symmetry
reasons there is a fractal of singularities along this particular curve. Let its dimension be D1,1
0 .
12
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1.6

D0

1.4
1.2
1
0.8
0

0.2

0.4

0.6

0.8

1

ε

Figure 5. Dimension D of the fractal of singularities in the time delay functions shown

in figures 3 and 4 as function of the perturbation parameter .

Then we find
1,1
D1,2
0 = 2D0 .

(11)

This equation is exact and has the following explanation: as will be seen in the end of section 6
the fractal of singularities in the scattering function for  = 1 is a smooth deformation of a
Cartesian product of two equal ternary Cantor sets.
When an initial asymptote lies on the stable manifold of an invariant subset in the
interaction region, then this trajectory does not have a well defined final asymptote and
therefore all scattering functions are singular at this point. In this sense all scattering functions
show the same pattern of singularities and therefore plots like the ones shown in figures 3
and 4 represent the fractal pattern of singularities of any scattering function and not only the
ones of the time delay.
5. Restriction of the map to the outer NHIM
In the next two sections we have to understand the development scenario of the outer NHIM
under the perturbation and relate it to the changes of the patterns in the singularities of the
scattering functions seen in the previous section. First, for small perturbations there hold
mathematical persistence theorems for NHIMs [14, 15]. They guarantee that for sufficiently
small perturbation the initial NHIM (the one for  = 0) only suffers a continuous deformation
and survives as a smooth two dimensional surface even though the restriction of the dynamics
to the NHIM may suffer an infinity of bifurcations. That is, persistence does not imply
structural stability of the dynamics. An essential ingredient of the persistence theorems is that
the transverse instability of the NHIM is larger than the tangential instability. Therefore it is
interesting to see how the tangential instability grows with increasing perturbation and when
and where the tangential instability becomes larger than the transverse instability. In figure 2
we have already given the transverse eigenvalue λ⊥ as function of L for the case  = 0. Under
small perturbations this transverse instability changes little and for simplicity we now use the
approximation that it remains independent of .
First note that we reach neutral transverse stability for L → ±Lmax . Accordingly any
tangential instability may destroy the NHIM locally near its upper and lower boundary.
Therefore we expect that the NHIM becomes fuzzy at its boundaries for any small perturbation.
13
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Figure 6. Rotation number ν as function of L for the map M in the case  = 0.

On the other hand, in the middle, near L = 0, the transverse eigenvalue is 4.73 (see
equation (7)). Therefore it takes quite some perturbation to destroy the middle parts of the
NHIM.
We study the tangential instability of the NHIM by studying the restriction of the map to
the NHIM. We call this restricted map M. The NHIM has a 1:1 projection on the cylinder r = 1
and pr = 0 by just keeping the values of the coordinates φ and L unchanged and by forgetting
the values of r and pr . Therefore it is natural to parameterize the NHIM by the coordinates
φ and L and to represent the map M in the coordinates φ and L. Then M becomes a two
dimensional map in canonical coordinates. For  = 0 the angular momentum L is conserved,
therefore the map M is a pure twist map, figure 6 gives its rotation number ν as function of L.
For negative values of L the figure should be continued antisymmetrically. When we introduce
perturbations then we expect the standard scenario for perturbed twist maps as described by
the standard map [9].
In figure 7 we plot the iterated map M for the six values  = 0.02, 0.05, 0.1, 0.12, 0.15, 0.2
of the perturbation strength. As usual in numerical plots for Poincaré maps many iterates of
several initial points (marked by crosses in the figures, red in the colour version) are plotted.
Because of the rotation symmetry of the potential with angle ±π /2 also for general values of 
we can restrict our considerations in a first step to the interval φ ∈ [0, π /2] where we identify
φ = π /2 with φ = 0. In this restricted interval we have the further invariance under the
reflection symmetry φ → π /2 − φ. Therefore it is sufficient to plot the map for φ ∈ [0, π /4].
In addition because of the symmetry of the Hamiltonian under the transformation L → −L
we can restrict the plot to L  0. The rest of the plot is obtained by reflections and by periodic
continuations according to the above mentioned discrete symmetries.
As seen in figure 6, the rotation number never reaches large values and in addition its slope
around L = 0 is rather small. Accordingly the behaviour of the restricted map is dominated
by the fixed points on the line L = 0. They are the elliptic fixed point p fe at φ = 0, L = 0 and
the hyperbolic fixed point p fh at φ = π /4, L = 0. The elliptic fixed point p fe corresponds in
the full four dimensional map to a fixed point elliptic in the directions tangential to the NHIM
and hyperbolic transverse to the NHIM. The point p fh corresponds to a fixed point P fh of the
full dimensional map which is hyperbolic in the four dimensional domain, i.e. with two stable
and two unstable eigendirections. Because of the weak dependence of the rotation number on
14

F Gonzalez et al

J. Phys. A: Math. Theor. 47 (2014) 045101

(a)

(b)

(c)

(d)

(e)

(f)

Figure 7. Iterated map M on the NHIM for various values of the perturbation parameter.
The parts (a), (b), (c), (d), (e), ( f ) of the plot belong to the perturbation parameter values
 = 0.02, 0.05, 0.1, 0.12, 0.15, 0.2 respectively. Initial points are marked by crosses (red
in the colour version). Points lying in holes where the NHIM has already decayed are
marked by open circles (green in the colour version). In part (c) the invariant manifolds
of the hyperbolic fixed point p fh at φ = π /4, L = 0 have been included (in the colour
version the stable manifold is black and the unstable manifold is orange).
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L the secondary structures around these fixed points occupy a wide strip in L direction already
for moderate values of the perturbation. For the small value  = 0.02 we see a large island
around the elliptic point p fe reaching up to L ≈ 0.137 and a small chaos strip belonging to the
hyperbolic point p fh . This strip looks in the plot almost like a separatrix. Further secondary
island chains and chaos strips are too small to be resolved in the figure. For  = 0.02 the map
is still rather close to integrable except very close to the boundary of its domain where even
the smallest perturbation can induce qualitative changes.
For  = 0.05 the chaos strip growing out of p fh has already become a little wider and
a few secondary structures can be recognized in the vicinity of the chaos strip. However the
map still looks close to integrable in large parts of its domain. We must come to  = 0.1 to see
additional secondary structures grow to reasonable size. This is completely consistent with
figures 3 and 4 where we also must come to  > 0.1 to see additional new structures in the
fractal. With increasing perturbation the areas occupied by additional secondary island chains
and by the main chaotic layer increase until we reach the values  ≈ 0.12 as can be observed
in the figure. In part (c) of the figure we have included the invariant manifolds of the point
p fh , tendrils up to hierarchical level 4 are included (in the colour version the stable manifold is
black and the unstable manifold is orange). We see a homoclinic tangle which in its structure
comes rather close to the one we know from ternary symmetric horseshoes. According to the
classification scheme from [18] its development degree β is a little larger than 3−4 .
In part (d) for  = 0.12 we make an interesting observation: the location where the upper
boundary (and for reasons of symmetry also the lower one ) of the NHIM first reaches the line
L = 0 is the neighbourhood of p fh . This can be understood from the fact that for L = 0 the
transverse instability of the NHIM is largest. Therefore the decay starts at large values of L
and for increasing values of  the decay comes closer to the middle parts around L = 0 and
reaches this middle line at the point p fh . Therefore at  ≈ 0.12 we find the first drastic change
of the structure of the NHIM, it changes its topology on the cylindrical φ − L space. It is the
same value of  for which we found the first drastic changes of the connectivity properties of
the singularity set in the scattering function of figures 3 and 4 and it lies in a region where the
dimension shown in figure 5 shows a steep decrease.
For still larger values of  the large chaotic sea disappears since its supporting part of the
NHIM decays. For  = 0.15 or  = 0.2 shown in parts (e) and ( f ) of the figure respectively the
NHIM consists of a neighbourhood of the elliptic point p fe only and the map is surprisingly
regular inside of this neighbourhood despite of the large value of the perturbation. At the
moment it is not clear to us why it must be this way. When  reaches the value 0.25 then also
the neighbourhood of the elliptic point has decayed and it no longer makes sense to try to
construct the restriction of the Poincaré map to the NHIM. In the plots we have marked by
open circles (green in the colour version) such points where we tried to continue the trajectory
under the dynamics of M but could not do it. At such coordinates the NHIM has already
decayed. Therefore at  ≈ 0.25 we find the next drastic change of the NHIM, it is a value of
 where we found the second qualitative change of the behaviour of the dimension plotted in
figure 5.
Next we give a short remark how we have constructed numerically the restriction of the
map to the NHIM. We do it by combining the four dimensional map with a projection onto
the stable manifold of the NHIM. Remember that also with perturbation the NHIM has a 1:1
projection on the cylinder defined by r = 1, pr = 0. Let us assume we want to construct
the trajectory of the restricted map M for an initial point on the NHIM close to the one with
coordinates φ0 , L0 . Then we first choose r0 = 1 since in our case the NHIM is always located
close to r = 1 and we scan the pr coordinate to find the value of pr for which the resulting
trajectory stays close to r = 1 for many iterations. Then we say that we have found an initial
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Figure 8. Tangential instability λ of the NHIM for the restriction M of the Poincaré

map to the NHIM at the hyperbolic fixed point p fh at L = 0, φ = π /4 as function of the
perturbation parameter . Also included is a constant line at the value 4.73, the value of
λ⊥ (0).

point in the four dimensional domain of the map which is close to the stable manifold of the
NHIM. Note that this line of the variable pr for fixed values of the other three variables has
a unique intersection with the local branch of the stable manifold of the NHIM as long as we
are in the neighbourhood of the NHIM. Next we let the trajectory run until it starts to leave
the region around r = 1. This will always happen because of the transverse instability of the
NHIM. If the numerical trajectory shows tendencies to leave the neighbourhood of r = 1 then
we go back a few steps in the trajectory and change the value of pr such that the modified
trajectory stays in the neighbourhood of r = 1 for a longer time. This modification is a further
projection of the running trajectory on the stable manifold of the NHIM. And so we continue
by a combination of the four dimensional map and projections of the running trajectory on
the stable manifold of the NHIM to construct numerical approximations to trajectories on
the NHIM. This method of keeping a trajectory close to an unstable invariant subset of the
dynamics can be interpreted as a variant of the control of chaos [19, 20].
It is even easier to find initial conditions on the NHIM itself if the initial point in φ and L
coordinates lies on a line of reflection symmetry, i.e. either on the line φ = 0 or on the line
φ = π /4 or on the line L = 0. Then because of reasons of antisymmetry we have pr = 0 for
this point and to obtain a point on the NHIM itself we have only to search for the value of r
with a bisection method. This is the reason why, in figure 7, almost all initial points are chosen
on these lines of reflection symmetry. To construct the trajectory we continue as explained
in the previous paragraph. Let us emphasize that we always search or improve the points by
a scan of a single coordinate only. And this can be done with a bisection method which is
numerically very simple, reliable and stable. By this strategy we could construct trajectories
of several thousand iterations without running into numerical problems.
6. Decay scenario of the outer NHIM
The hyperbolic point p fh is the central source for tangential instability of the NHIM. In figure 8
we plot the larger eigenvalue λ of p fh under the dynamics of M as function of . Included in
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Figure 9. The radial coordinate r of the NHIM as function of φ along the curve L = 0

for the six values 0.02, 0.04, 0.06, 0.08, 0.1 and 0.12 of the perturbation parameter .
The radial coordinate grows monotonically with . Therefore the association of the six
curves with the six values of  is trivial.

the figure is the horizontal line at height 4.73 which is the value of the transverse eigenvalue
λ⊥ at L = 0. The two lines cross at a value c ≈ 0.12. Remember that an essential criterion of
the persistence theorem is that the transverse instability is larger than the tangential instability.
This leads to the following conclusion: for  < c the NHIM still exists in the neighbourhood
of the point p fh and it decays in this neighbourhood for  > c . This idea is consistent with
the results shown in figure 7.
In our numerical calculations we have observed a phenomenon related to the growth of the
tangential instability, namely that the NHIM develops around p fh a peak in r direction when
 approaches c from below and that exactly at c it forms a cusp at p fh . This phenomenon
is well known. Figure 4 in [14] gives a pictorial explanation how the cusps at fixed points are
formed when the tangential eigenvalue exceeds the transverse ones and figure 5 in [14] gives
the pictorial explanation why the surface remains smooth as long as the tangential instability
remains smaller than the transverse one.
Figure 9 shows graphically the formation of the cusp belonging to the hyperbolic point p fh
in our model system. We plot the value of the variable r as function of φ along the curve L = 0
on the NHIM for the values 0.02, 0.04, 0.06, 0.08, 0.1 and 0.12 of the perturbation parameter
. At all points along the φ axis the value of r grows monotonically with . Therefore it is
easy to relate the six curves in the plot to the six values of . Only the elliptic point p fe always
remains at r = 1 independently of  since the point (x, y) = (1, 0) is an extremal point of V1
and also of V2 , see equations (5) and (6).
At first sight the reader may be surprised that we can calculate for figure 8 a tangential
instability up to a value of  = 0.25 even though the NHIM decays in the neighbourhood of the
hyperbolic point at c ≈ 0.12. The explanation is provided by the following observation. For
 < c it is easy to find asymptotic initial conditions giving a trajectory landing on the NHIM
near p fh . In contrast for  > c we cannot find initial conditions doing this. When we try to
find the right initial conditions e.g. by a bisection method then we observe an intermittency
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like behaviour. First it looks as if we could find such a trajectory. However, when we try
to improve initial conditions in order to hold the trajectory on the NHIM for a longer time
then we cannot do it. The trajectory drifts slowly to the interior of the layer where we expect
the NHIM to exist. This behaviour reminds us of the intermittency effect where a trajectory
stays for some time in the region where a fixed point has disappeared by a bifurcation and
is held temporarily in this region by the ghost of this disappeared fixed point. For this effect
see section 6.8.1 in [21] or section 4.4 in [22]. In the figure 7 such points where we tried to
keep a trajectory on the NHIM but could not do it are marked by open circles. They indicate
neighbourhoods where the NHIM has already decayed. However, during the laminar phase
of this drift, which concerns mainly the dynamics in the r − pr plane, we can measure at the
same time the instability in the φ − L plane and thereby obtain the values of the tangential
instability plotted in figure 8. The point P fh is a hyperbolic fixed point in the four dimensional
map for any value of  and for  > c the procedure just described is equivalent to the search
of the largest eigenvalue of P fh in the four dimensional domain.
When the NHIM is destroyed in the neighbourhood of p fh it still exists as a smooth
two dimensional surface in the neighbourhood of the elliptic fixed point p fe where we have
neutral stability in tangential direction. With increasing perturbation the remaining smooth
two dimensional parts of the NHIM become smaller by being eaten away from the outside
and the neighbourhood of p fe finally decays for  ≈ 0.25. Besides the main hyperbolic
point p fh the map M has an infinity of further hyperbolic points and since they sit at larger
values of L their tangential instability can become stronger than the respective local transverse
instability for even smaller values of  and holes are punched into the NHIM also around
such hyperbolic points already for values of  smaller than c . Therefore with increasing
perturbation more and more holes are created in the NHIM and it is disrupted into fragments
even though some two dimensional regions survive as smooth surfaces around elliptic points.
There are still heteroclinic trajectories which connect the various fragments of the NHIM via
trajectories running through parts of the phase space with small values of the coordinate r.
As long as there are smooth two dimensional remnants of the NHIM the fractal dimension
of the NHIM is at least 2. In our model system this happens up to the value  ≈ 0.25 where
the NHIM decays in the neighbourhood of the most stable elliptic point, the point p fe at φ = 0,
L = 0.
In this particular example the remnants of the NHIM turn into a perfect dust and become
hyperbolic for  ≈ 0.6. This coincides with the fractal dimension reaching the value 1 from
above. That is, the dust is immediately so fine that its fractal dimension is not larger than
1. Each grain of the dust has a two dimensional stable manifold and the bundle of stable
manifolds for the whole dust has thereby a dimension of approximately 3. This leads to the
dimension 1 seen by the asymptotic observer in the singularities of the scattering function
on its two dimensional domain. At the moment it is not clear to us whether there is a logical
necessity for this coincidence or whether it is an accidental property of our particular model.
In principle in a two dimensional domain there can exist dust with a dimension larger than 1.
However this possibility is not realized in our model system. On the other hand it is plausible
that we need a dimension of at least 1 to assemble any structure more complicated than a dust.
This is the last qualitative change of the structure of the chaotic invariant set.
In the figures 3(l) and 4(l) we see a rather simple structure. It looks like a continuous
deformation of the Cartesian product of two ternary Cantor sets. This structure is explained
like this: for  = 1 the total potential is just V2 . This potential has maxima at the points
(x, y) = (±1, ±1), a minimum at (x, y) = (0, 0) and saddles at (x, y) = (0, ±1) and
(x, y) = (±1, 0). Along the straight lines x = constant or y = constant the potential
shows a double hump. The two dimensional planes x = −1, 0, 1, px = 0 and the planes
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y = −1, 0, 1, py = 0 in phase space are invariant planes of the map. The map restricted to
any one of these six planes shows a complete ternary symmetric horseshoe. Outside of these
planes the full four dimensional map is not separable in the x, y coordinates but the mutual
influence between the 2-dof is too small to modify qualitatively the ternary horseshoe structure.
Therefore the homoclinic tangle in the four dimensional map is a smooth deformation of a
Cartesian product of a ternary symmetric horseshoe in the x − px plane with another one in the
y − py plane. In total, the chaotic invariant set is a smooth deformation of a Cartesian product
of four ternary complete Cantor sets. All its points are hyperbolic, they have two dimensional
stable and two dimensional unstable manifolds. As a consequence, the stable manifold of the
whole chaotic set going out into the incoming asymptotic region is a fractal bundle of two
dimensional surfaces which has the qualitative structure of a Cartesian product of two ternary
Cantor sets and a plane. When we intersect this bundle in the asymptotic region with a plane
of initial conditions in general position then we recover the structure of the Cartesian product
of two ternary Cantor sets as demonstrated numerically in figures 3(l) and 4(l).
In this particular case it is easy to construct for the four dimensional map a symbolic
dynamics with nine symbol values and nine corresponding partition cells. As partition cells
in four dimensions we use the Cartesian products of the partition cells of the two factors of
dimension 2. And for complete ternary horseshoes in two dimensional maps the construction
of a partition with three cells is well known, see e.g. figure 3 and its explanations in [18].
We can also view the scenario for large values of  from the other direction. Take the case
 = 1 with its relatively simple chaotic set as unperturbed case and δ = 1 −  as perturbation
parameter. Then the case δ = 0 is completely hyperbolic and therefore structurally stable.
Accordingly there exists an open neighbourhood around δ = 0 where the qualitative structure
of the chaotic set remains the product of ternary Cantor sets. Numerical evidence indicates that
we need a perturbation of δ ≈ 0.4 to change this qualitative structure and to turn the chaotic
invariant set into something more complicated.

7. Conclusions
The topic of this paper is the description of the decay of a NHIM to dust in a 3-dof scattering
system. The decay has been described for a particular prototype system, but the ideas are more
general and hold for a whole class of systems. Let us give here a summary of the scenario
formulated in a more general way. Imagine a 3-dof scattering system depending on a parameter
. For  = 0 the system has a symmetry and a corresponding conserved quantity which we
call L also in the general case where it is not necessarily an angular momentum. Then for the
case  = 0 we can reduce the system to a 2-dof system which depends on L parametrically.
For some interval of values of L the reduced system is chaotic and the chaos is characterized
by a horseshoe in the corresponding reduced two dimensional Poincaré map. As always the
horseshoe is traced out by the stable and unstable manifolds of one (e.g. in the case of a binary
horseshoe) or several (two in the case of a ternary horseshoe) outer fixed points.
In order to understand the 3-dof system from our knowledge of the reduced 2-dof system
we pile up the continuum of 2-dof systems to a stack where the conserved quantity serves as
stack parameter. And we form the Cartesian product of this stack with a circle representing
the cyclic angle φ canonically conjugate to the conserved quantity L. The Poincaré map of
the 3-dof system in the symmetric case  = 0 acts on this four dimensional domain in a way
which leaves the foliation of the stack invariant. The four dimensional map is understood by
the stack of two dimensional maps and the rather trivial action (rigid rotation) of the map on
the circle over the respective point of the stack.
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Since the outer fixed points of the reduced two dimensional map play an essential role
in the reduced map we need to study well the role of their higher dimensional counter parts
in the four dimensional map. These higher dimensional counter parts are the outer NHIMs.
By construction they have the topology of a Cartesian product of an interval of the variable
L with a circle representing the variable φ, i.e. they have the topology of a cylinder and their
natural canonical coordinates are φ and L. The restriction of the Poincaré map to the NHIM
is a two dimensional pure twist map in the case  = 0. Note that a pure twist map is globally
parabolic, i.e. it has global neutral stability. Accordingly the fractal seen in the singularities
of the scattering function is essentially and at least locally a product between a smooth one
dimensional curve and a fractal along another one dimensional line.
To arrive at a true 3-dof case we now break the symmetry and destroy the conservation
of the coordinate L. Then the invariant foliation of the phase space into leaves of constant L is
destroyed. Also the representation of the four dimensional map as a stack of two dimensional
maps is gone. However, we still have seen an interesting way to bring in our knowledge of the
development scenario of two dimensional Poincaré maps. This is done by the restriction of the
map to the NHIM itself. The persistence theorems guarantee that the NHIM survives small
perturbations as a smooth two dimensional surface and therefore the restriction of the four
dimensional map to the invariant NHIM remains a two dimensional Poincaré map. And under
perturbation this map must follow the universal development scenario for two dimensional
Poincaré maps as described by the standard map. This is the way how the KAM scenario of two
dimensional Poincaré maps comes in even though we are always far away from a completely
integrable system in 3-dof. The starting point of the conservation of L and the destruction
of this conservation implies thereby a KAM scenario in a two dimensional restricted map
even though we always have strong chaos in transverse directions. The construction of the
outermost NHIM via the stack idea selects out automatically this NHIM as the appropriate
two dimensional invariant surface doing this job.
Under increasing perturbation the restriction of the map to the NHIM runs through the
scenario of the standard map. Secondary island chains are created around elliptic points and
chaos layers are created around hyperbolic points. Around the hyperbolic points instability in
directions tangential to the NHIM is created. As soon as this tangential instability becomes
larger than the transverse instability, the NHIM breaks locally and a hole is punched into the
NHIM surface in the neighbourhood of the hyperbolic point. With increasing perturbation
strength this happens around more and more hyperbolic points and in addition the already
existing holes grow larger and fuse, in total the NHIM decays into pieces. At the same time the
NHIM decays starting from its boundaries which have neutral transverse stability. Of course,
the detailed structure of the final result of this decay depends on the particular system and it
need not be a completely hyperbolic set in the general case.
As long as the NHIM survives as two dimensional surface its stable manifold is locally
a three dimensional hypersurface and serves as dividing surface in the domain of the map.
When the NHIM decays to something of lower dimension then also the dimension of its stable
manifold drops correspondingly. An asymptotic observer can follow this drop of dimension by
measuring the dimension of the fractal of singularities in an appropriate scattering function.
The easiest possibility is to measure the singularities of the time delay function on a n − 1
dimensional domain when dealing with a n-dof scattering system. In the case of a 3-dof
system the dimension of the singularities in a two dimensional scattering function can drop
below 1 only in the case that the remnants of the NHIM have turned to dust. In this sense
the measurement of the dimension of singularities in scattering functions gives numerical
evidence on important stages in the decay scenario of the NHIM.
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This is a good example how the asymptotic observer obtains information on the chaotic
invariant set which sits in the interaction region by using asymptotic observations only. In our
opinion this kind of procedure is the right way to generalize the inverse scattering problem
to chaotic scattering systems. Traditionally the inverse scattering problem is understood as
the task to reconstruct the interaction potential from asymptotic observations. For rotationally
symmetric potentials this problem is solved and even closed form solutions are worked out.
How this is done in detail for classical particle scattering is explained in section 5.9 in [23].
For chaotic scattering such a closed form reconstruction of the potential is not known and
probably does not exist. For us it seems more logical to consider as chaotic inverse scattering
problem the reconstruction of topological and qualitative properties of the chaotic invariant
set from asymptotic observations. For 2-dof systems some ideas in this direction have been
presented in [18, 24–26]. We consider one of the most important and most interesting open
problems for chaotic scattering the generalization of such ideas to systems with more dof.
Since NHIMs are the transition states for reactions, the modification of NHIMs has
interesting consequences for the reaction rates. This problem is not the topic of our paper.
However, in various recent publications [27–30] it has been studied for several models which
are 2-dof or can be boiled down to something 2-dof. The generalizations of this work to more
dof is another promising problem for the future.
We are aware that many of our results are not yet rigorous from the mathematical point
of view. In many cases they are based on numerical evidence only. Accordingly, another
important work for the future is the elaboration of a better mathematical justification of our
claims.
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