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Plan

e AAS/CFT

e AdS/CFT with boundaries

e reflection matrices of bound states and the Yangian symmetry

e Luscher type finite size corrections on the interval
simplest AdS/CFT example



AdS/CFT
type lIB string in AdSs x S® < N =4 SU(N) YangMillsin1 + 3
(Maldacena)

energy of a string state £  «+» scaling dim. A of an operator in YM
global symmetries: bosonic SO(4,2) x SO(6) = SU(2,2) x SU(4)

isometry of AdSs x S° conformal +/A\ = 4 R symmetry
+ SUSY
SU(S%’SM) PSU(2,2|4) N = 4 superconformal
2 ..
A= o N gu= ﬁ % =+ planarlimit N — oo
single particle states with J large < long local gauge invariant
of the free string single trace operators

integrability all \-s are available T

spin chain



tr(ZZ...7Z) vacuum PSU(2,2|4) —» PSU(2,2) x PSU(2,2) X R
fundamental excitation magnon atypical short BPS representation 4d

E=A—J= \/1 + 1692 sin? (g) where g = /g2 /N /4

integrability: YB + crossing magnon magnon S matrix known (Beisert,
Arutyunov-Frolov-Zamaklar)
the centrally extended su(2|2) algebra

: : 1 1
LY,I] = 6%a- 55330, [R(f ,Jy} = 65T — 55@% ,
- - 1 1
LY, = —651° + 55330, RS, 1| = -620° + 5553%
{Qo? ; Qﬁb} — eaﬁeabc ; {QILQ ; Qzﬁ} — 6Oéﬁeal)(ﬁL ;

1
{@5,@2;5} = RS + 6L + SopatH,

a’ab7°"€{172} 05757'”6{374}
for any () there are () magnon bound states (Chen-Dorey-Okamura, Arutyunov-
Frolov) 4@ dim. atypical symmetric represetations



superspace formalism: (Arutyunov-Frolov)
two bosonic (w,) and two fermionic (6.,) variables

1
LY = w, 0 — =8%w, 0 , B—HQi——(sﬁefy 0
0 0 0 0
QY = aHQawa + beabeaﬁwba—eﬁ, QI = dwaae& + ceabeaﬂeﬁa—wb,
0 0 0
C = ab 0 Cl = d( 0 —) ,
’ ( 8wa+ “ae) I\ T "0,
0
H = d+b 0
(a —I_ C) (waawa —I_ a69a>
_ [o, = [eifet N e ,_ [eet( _a”
2Q) 20Qn \xz— 2QxT 20 in T
Tt o= — — =P p=¢? \/z(az —z)
75 i g 75



@Q magnon bound state V¢(p), 4Q=(Q+1)4+Q-1)+Q+Q

Q—J, J
Q+1- )t = =2 =0,...Q
V(@ — D!
Q—2—35.7
Q-1-))2 = —L—"2 636, j=0,...0Q-2
V(@ —2— !
Q—1—35. 7
Qo) = —2—"2 95 j=0,..Q-1
V(@ — 1 — !
Q—1-7. 7
Qi) = —L—219, j=0,...Q-1
V(@ — 1 — D!

for Q=1 4=241+1 [0 =wy, 1)l =wp, [0)3 =63,[0)* =64



AdS/CFT with boundaries

attach open superstringto MGG — S3 C S° S°: (W2 + |[Y]?+ |Z]2 =1

(Hofman-Maldacena) integrability preserved when | Y =0 | (or Z = 0)
gauge theory side: determinant type operators

__ J1--IN—1Ay i1 IN-1 / B
Oy _eil---iN—lBle LY (Z...ZxZ...ZX'Z...)3

breaks su(2,2)2 — su(2,1)2 no boundary degree of freedom

new object:  reflection matrix  |0)p boundary vac. trivial vector sp. V(0)

R(p) : V¥(p) ® V(0) = V?(—p) ® V(0) R(p) = Y ri(P)A;
N\; invariant differential operators
integrability: BYB + boundary crossing unitarity — R(p)

su(2,1): L, L2, H, RS, Q&, QI symmetry (I, B]|j)® =



for Q=1 symmetry determines R(p) up to scalar
(Hofman-Maldacena, Ahn-Nepomechie)
scalar factor: boundary crossing unitarity (Hofman-Maldacena, Chen-Correa)

R(p) = Rp(p)diag (—ei%, e_i%, 1, 1) ® diag (—eig, e_i%, 1, 1)
Ro(p) = —e "o (p, —p) o(p1,po) dressing factor (BES)

for @ = 2 (Ahn-Nepomechie) symmetries not enough Yangian needed
(MacKay-Regelskis)  description of the Yangian
forgeneral @ (LP) /A; nondiagonal pieces 5¢) — 2 unknown A;... Ej

Q z Q=2 Q-1 Q=2 @z
R= ) ANqyy+ X BNgy+ > Gy + X DiNgy + > Ei\s,
=0 1=0 [=0 (=0 =L

AL = wiTwh 0 Al :w?_l_lwl;l §—2 52
(1) 7 @Dy Q@ gk’ 77 T(8) T Q2D 5,92 gyl 094963

Q@ of A;...E; undetermined by symmetry



Yangian symmetry

Yangian extension Y (g) of a bulk Lie symmetry g:  J4 grade 0 J4 grade 1

[J4,1B] = ngJC, [J4,18] = ngjC + Jacobi and Serre relations
Y (su(2,2)) known (Beisert)
evaluation representation  J4|u) = —i%uJA|u> (Beisert, AdLT)

(multiymagnons this form « = u(p) = %(az‘l' + m% + = + x%)

(MacKay et al.) boundary remnant Y (h,g) ifboundary h C g
(h,g)sym.par g=h-+m, [h,hJ]Ch, [hmJ]Cm, [m,m]Ch
Y(h,g) generatedby (J¢,JP) JP =§]Tp—|—%f§iq]]qqﬂi i,p h,m indeces
forthe Y = O brane mgeneratedby L;, L2, Q7 QE”, C, Cf

3 _ 1
Oe1=AL) = (L21 + (Lo'Ly — Lo'Ly — QL’@%)) ® 1

R @Q diagonalon |[j)“requiring [Q,R]|j)” =0 determines C;



i%u—l—%—j—l

Cit1=®0)C), 7=0,...,Q-2,  where &(j) =
j+1 —idu+9—j-1

normalization Ag=1 (o= AO% = e~iP/2
Q-2

Ag=§0g-1=e7" [ () = (1%

- o |
g = (]H <l>(l)> Q-1 -NeG)e™ -G+ 1)/
[=0

(Q@-1-Hzt+(G+1)/z"

j—1 N~ N
o (Q—1- ) — G+ Do) x
oS (lgoq’(”) (@—1- et + G+ 1)/

' I TP(5) + 2~
E. = —D.—= —ip/2 b(] x 7
! j =" (z;b ()) Tz (Q—-1—5)+ (G +1)

1=0,...Q — 2
scalar factor fusion method (Ahn-Bak-Rey)
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Boundary finite size corrections for multiparticle states

{A of single trace with J = # of fields —- coc } = — asymptotic Bethe Ansatz
(ABA) all 1/J corrections

large but finite J:  wrapping effects string side: vacuum polarization
Liischer corrections: co data —  exponentially small finite size corr. ~ e~/

bulk: 4 and 5 loop Konishi —  exact gauge th. computation (Bajnok-Janik)

next. finite size corrections for determinant type operators / open strings
groundstates of Y = 0 and Z = O branes (Correa-Young)
excited states (multiparticle) (Bajnok-Palla)

ABA — Dboundary Bethe-Yang eq. polynomial corrections
boundary Luscher corrections not known even for relativistic case

11



relativistic case first E = mcoshf p=msinh6 60 rapidity

. . 0 i .
R(6> — Rf(Q) | 8(91 — 92) = S%l(el - 92) 6.-85 J

boundary Bethe Yang eq.

A\

S N

| N 1 i—1
e2PO)L TT S(0;-0,)R5(8;) T S(0;40:)Ra(8;) [ S(0;—0;) =1 ;>0

can be derived from double row transfer matrix (DTM) T
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6 Bi-1 0 B On B RC — CRC_]'

T(60|61,...,0N) = Tr( 11 S(6 —0;)Rz(6) H S(0; + 0)Rg (i — 9))
J= J=N

YB and BYB guarantee T(001,...,05), T(AO1,...,0n)] =0

eigenvalue  t(0|01,...,0N) | Yas(0]01,...,0n) = 2POL1(9|61,....05)

Lischer correction (vacuum polarization) of NV particle energy
do
AE =~ [ Z04p(0) Yas(0 + 5161, ., 0x)

derived for diagonal reflections / scattering (from BTBA) (boundary Lie-Yang)
for ground state
checked for Dirichlet sine-Gordon (NLIE)
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accept for non relativistic models S(u;, uj) u; generalized rapidity
unitarity:  S(u1,us) = S(uo, ul)_l

crossing:  S°1(ui,un) = S(us,u1—w) R(u) = S(u, —u)R(w—u) crossing
parameter w

T(u|lug,...,un) Yos(uluq,...,uy) formally the same
BBY equations  Ygs(u;|luq,...,uny) = —1
N particle energy correction

> du . _ W
AE: _/ —aup(u> Yas(u—|——|U1,...,UN>
0O 2w 2

w continued into ‘mirror’ domain  u©w — u + %
mirror theory: double Wick rotation

Blu) = —ipu+3)  Hlu) = ~iB(u+2)

non relativistic case: mirror #  original
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simplest Luscher correction in AAS/CFT (for the Y = O boundary)

E? —16g2sin®5 = Q2 ontorus = (generalized rapidity) w = wo

p=2am(z, k) E=Qdn(z,k) k= —165'5—22 Qo = 4iK (1 — k) — 4K (k)
checked vacuum'’s vanishing correction (Correa-Young) reproduced

one particle  BBY on a strip of width L

e_zip(L+1)a(p, —p)3diag(e?, e, 1,1) @ diag(e?,e?,1,1) = 1

fora (1,1) magnon pp, =n7 shorteststrip L =2 n=1

AE.(L) = — ZQfOQ dz(asz(Z))S (5+2, U)Rk(w-l—Z)S ——z,u)(Cll_]R%(%—
2)Cs.e —2eQL infinite sum over the mirror boundstates
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simplest Luscher correction in AAS/CFT (for the Y = O boundary)

E? —16g2sin?5 = Q2 ontorus = (generalized rapidity) w = wo

p=2am(z.k) E=Qdn(zk) k= —1632—22 2wp = 4K (1 — k) — 4K (k)
checked vacuum'’s vanishing correction (Correa-Young) reproduced

one particle BBY on a strip of width L

e_zip(L+1)a(p, —p)23diag(e?, e, 1,1) ® diag(e?, e ?,1,1) =1

fora (1,1) magnon pp, =n} shorteststrip L =2 n=1

“1 : - -

—" - b 5
AEl(L) = -Xq J¢° 5:(0:5q(2)S],(5+2 wRF(5+2)S[ (52, u) C'RU(S ~
z)(C;ie_zeQL infinite sum over the mirror boundstates

AFE = —768g1°(80¢(7) — 220¢(11) 4 143¢(13))



