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AdS/CFT

type lIB string in AdSs x S® < N =4 SU(N) YangMillsin1 + 3
(Maldacena)

energy of a string state £  «+» scaling dim. A of an operator in YM

symmetry
SU(S%’SM) PSU(2,2|4) N = 4 superconformal
2 _—
A=g2yN gs= ﬁ % =+ planarlimit N — oo
single particle states with J large < long local gauge invariant
of the free string single trace operators
integrability all \-s are available T

spin chain



tr(ZZ...7Z) vacuum PSU(2,2|4) —» PSU(2,2) x PSU(2,2) X R
fundamental excitation magnon atypical short BPS representation 4d

E=A—J= \/1 + 1642 sin2 (g) where g = \/¢g2 /N /4

iIntegrability: YB + crossing magnon magnon S matrix known (Beisert,
Arutyunov-Frolov-Zamaklar)

for any () there are () magnon bound states (Chen-Dorey-Okamura, Arutyunov-
Frolov)  4Q dim. atypical symmetric representations V< (p)

Eg = \/Q2 + 1642 sin? (g)
mirror model by double Wick rotation p — —ie FE — —ip
mirror magnon bound states 4 dim. atypical antisymmetric representation

V@2 + 7
4g

EQ — 2arcsinh

So.o t V9(p) ® V' (p) — V' (p') @ VQ(p) known  also in mirror theory
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AdS/CFT with boundaries

attach open superstringto MGG — S3 C S° S°: (W2 + |[Y]?+ |Z]2 =1

(Hofman-Maldacena) integrability preserved when | Y =0 | (or Z = 0)
gauge theory side: determinant type operators

__ J1--IN—1Ay i1 IN-1 / B
Oy _eil---iN—lBle LY (Z...ZxZ...ZX'Z...)3

breaks su(2,2)2 — su(2,1)2 no boundary degree of freedom

new object:  reflection matrix  |0)p boundary vac. trivial vector sp. V(0)

R(p) : V¥(p) ® V(0) = V?(—p) ® V(0) R(p) = Y ri(P)A;
N\; invariant differential operators
integrability: BYB + boundary crossing unitarity — R(p)

su(2,1): symmetry [7%, R]|j)° =



for Q=1 symmetry determines R(p) up to scalar
(Hofman-Maldacena, Ahn-Nepomechie)
scalar factor: boundary crossing unitarity (Hofman-Maldacena, Chen-Correa)

R(p) = Rp(p)diag (e_i%, —ei%, 1, 1) ® diag (e_i%, —ei%, 1, 1)
Ro(p) = —e ®Po(p,—p)  o(p1,po) dressing factor (BES)

for Q > 1 symmetries not enough Yangian needed
(Ahn-Nepomechie, MacKay-Regelskis, Palla)
for general (@ A; nondiagonal pieces 5 — 2 unknown

Yangian determines R up to scalar

for mirror bound states R are also known



Boundary finite size corrections for multiparticle states

{A of single trace with J = # of fields —- coc } = — asymptotic Bethe Ansatz
(ABA) all 1/J corrections

large but finite J:  wrapping effects string side: vacuum polarization
Liischer corrections: co data —  exponentially small finite size corr. ~ e~/

bulk: 4 and 5 loop Konishi —  exact gauge th. computation (Bajnok-Janik)

next. finite size corrections for determinant type operators / open strings
groundstates of Y = 0 and Z = O branes (Correa-Young)
excited states (multiparticle) (Bajnok-Palla)

ABA — Dboundary Bethe-Yang eq. polynomial corrections
boundary Luscher corrections not known even for relativistic case



relativistic case first E = mcoshf p=msinh6 60 rapidity

. . 0 i .
R(6> — Rf(Q) | 8(91 — 92) = S%l(el - 92) 6.-85 J

boundary Bethe Yang eq.

A\

S N

| N 1 i—1
e2PO)L TT S(0;-0,)R5(8;) T S(0;40:)Ra(8;) [ S(0;—0;) =1 ;>0

can be derived from double row transfer matrix (DTM) T



6 Bi-1 0 B On B RC — CRC_]'

T(60|61,...,0N) = Tr( 11 S(6 —0;)Rz(6) H S(0; + 0)Rg (i — 9))
J= J=N

YB and BYB guarantee T(001,...,05), T(AO1,...,0n)] =0

eigenvalue  t(0|01,...,0N) | Yas(0]01,...,0n) = 2POL1(9|61,....05)

Lischer correction (vacuum polarization) of NV particle energy

do
AE = — /O = 0gp(0) Yas (0 + 15161, ., Ox)

derived for diagonal reflections / scattering (from BTBA) (boundary Lie-Yang)
for ground state
checked for Dirichlet sine-Gordon (NLIE)



accept for non relativistic models S(u;, uj) u;  rapidity

unitarity:  S(u1,us) = S(uo, ul)_l

crossing:  S°1(ui,un) = S(us,u1—w) R(u) = S(u, —u)R(w—u) crossing
parameter w

T(u|lug,...,un) Yos(uluq,...,uy) formally the same
BBY equations  Ygs(u;|luq,...,uny) = —1
N particle energy correction

> du . _ W
AE: _/ —aup(u> Yas(u—|——|U1,...,UN>
0O 2w 2

w continued into ‘mirror’ domain  u©w — u + %
mirror theory: double Wick rotation

Blu) = —ipu+3)  Hlu) = ~iB(u+2)

non relativistic case: mirror #  original
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simplest Luscher correction in AAS/CFT (for the Y = O boundary)

E? —16g2sin®5 = Q2 ontorus = (generalized rapidity) w = wo

2
p=2am(z, k) E=Qdn(z, k) k= —16& 20> = 4K (1 — k) — 4K (k)
checked vacuum'’s vanishing correction (Correa-Young) reproduced

infinite sum over the mlrror boundstates

AE(L) =-Yg 7 L (9.50(2))RI (2 +2)C RS (%
B _Z)(sz —QEQL

one particle BBY on a strip of width L
e 2Lt o (p, —p)2diag(e~"P,e?,1,1) @ diag(e 7, e, 1,1) = 1
fora (2,2) magnon p, =n7 fora (1,1) magnon p, = nris

smallest L =2 among non-BPS operators ~ Oy (Z ®%a zL—-1)
(2,2) magnon p=27 (1,1) magnon p, ={Z, 5, %TW}



One particle LUscher corrections

0 mirror theory VAN
7. b _ = Nz
AE.(L) = — £ J§° 52K ()8, (g, p)K 5(q)SEa(—g,p)e~ 0"

boundary state amplitudes K% (z) = (Cig]R{%(% —2) (foreach Q)

sum over bound state polarizations 10=(QRQ+1D)e(Q@Q-1)oQaQ
iIn weak coupling limit

DBy () = 1929"2(4¢(5) — 7¢(9))

11 : S symmetric under 1 < 2
R (K) for 1<2 efQ/2 (4 _e—€Q/2
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(11) in weak coupling

37

1i  L=2 =z
- =135

}

AEH(%) — 26,420 (7 . 25¢(9) — 429 .22¢(13) + 24314(17))

AEH(% T %) = _25.420(_23.7.(99 = 70v2)¢(9) — 2(6765
F4785v2)¢(11) + 2002(F5V2 4 7)¢(15) + (7293 F 4862v2)¢(17))

boundary wrapping corrections higher ordersin g e—2ml .  eg—mL
no rational parts maximal transcendality

Lischer for (22) smaller powers of g
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Conclusions

e suggested explicit formula for boundary Lischer correction of energy of multi-
particle states in relativistic theories

e non relativistic generalization AdS/CFT

e vacuum and one particle Luscher corrections for Y = 0 brane

e further studies: connectionto Y system
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Y system and asymptotical solution

Y system - asymptotical + analyticalinfo — unique sol. of spectral problem
iIn planar AdS/CFT (closed strings) (Gromov Kazakov Vieira, Kuniba Nakanishi
Suzuki)

extend Y system to AdS/CFT with boundaries (open strings)

idea Y system same as for closed strings
asymptotical and analytical properties different

examples periodic S deformed AdS/CFT (Gromov Leskovich-Maslyuk,
Ahn Bajnok Bombardelli Nepomechie)
b.c. of Wilson loop — (B)TBA — Y system (Correa Maldacena Server,
Drukker)

closed strings/periodic Y functions <> (eigenvals of) transfer matrices
open strings/boundary Y functions « “ double row transfer matrices
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Y system PSU(2,2|4) symmetry Ya,s(u) Y functions

Ya_!;YaTs — (1+Ya,s—|—1)(1+Ya,s—1)
Ya—l,SYa—|—1,8 (1+Ya—1,3)(1+Ya—|—1,3) | | l

----------------------- O-@-O wwivnirnin 4
: : : | | |
- e e s O — @) 3
+ _ 7 _ : : :
u) = f(ux=z) Yqg.= o0 A
f ( ) f( 2) 078 _______ O_O_‘ _C|> _O ______________ 2

Yo s> =00 Yg>242=0

energy of fundamental multi-particle state with p;, interms of Y5 = Y o

du

B =Y B - Y [ Poubloo(t + ¥o)
k Q=1 @

momenta by exact Betheeq. Yi(py) = —1
set up for both periodic and boundary difference: asymptotic behaviour
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Asymptotic solutions of the Y system

Ta,s—i—lTa,s— 1
Ta—l—l,sTa—l,s

1" system ch,_sTCZS — a—l—l,sTa—l,s + Ta,s—l—lTa,s—l Yo, =

L —o00 Y,0—0 PSU(2,2|4) T system splits SU(2|2) ones T, 0 =1

leading order Y, o = %Ta,_lTa,l fixed from Llscher correction
periodic case (Bajnok Janik) Y0 = e Ty

Ta(p, {pi}) = STra(Sen (P, PN) - - -Sa1(p, 1))
S matrix factorizes S=S55® S — Ta=tats1 Qg1

te, 10 {pi}) = sTr(Sen(P,pN) - - Sa1(p, 1))
to =t gl3mal  yla=slyla=d] t1 = I, So(p, pi)

_ \L
SU(2|2) T functions left/right SU(2|2) transfer matrices i—+= <z—+> t1



boundary case (Bajnok Palla, BNPS) Y, g = e~ %%lD,

Da(p, {pi}) = Tra(Sen (P, pN) - - - Sa1 (P, p1)R, (p) X

- S14(p1, =) - - Sna(Pn, —P)RS (=p))
Rg(p)g = Saa(p, —p)ng&F(—p)g ensures Y7 o(p;) = —1 equivalent to the
boundary Bethe-Yang equations

reflection matrices factorize R~ = RgR™ ® R~ Rt = R(')|' Rt o Rt

double row transfer matrix also Dy = da dg 1 ® dg 1

—a —a a— a— — N
do = dt~HaPel aleSlglet g = RS (p)RT (—p) 1T So(p, pi)So(pi, —p)

1=1
asymptotic solution of T system

¢ _ 2L ds

o

calculation of d,; generating functional (Kazakov Sorin Zabrodin, Gromov
Kazakov)

Ta,l — da,l Ta,—l — da,l
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Some notation
z(u) + %u) = branch points at u = +2g

for N-particle ground state |1,1,...,1) we use

R(E) = j_ﬁl (@) — 2T () (z(») + a5 () Qw) = iﬁf“ —u) (w4 ;)

B = 11, (- +700) (e ++400)

for generic state (mq1 y roots m-o> w [roots)

m1 mi

Bi1R3 = jgl (z(p) — y;) (z(p) + y;) R1Bz = 3E1 ( =) (Wlp) +v;)
Q1(u) = jnﬁl (— —Yj — @) < +y; + ) (i[l %) B1R3R1B3

Qalu) = ;ﬁlw — )+ wy)
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Generating functional

SU(2) sectorfirst Q=1 particles  Sii(zy,70) =1

d1,1 =sTr1 (Siv(p,pw) - - S11(p, p1)RT (P)S11(p1, —P) - - - Sn1 (P, —P)R7 (D))

R~ (—p) < (—1)"RT(—p) changes trace to supertrace
Di(p) =di1(p)d11(p) ®d1 1(p)  di(p) later

1,1,...,1) ground state eigenvalue of  dj 1(p)

N5U2) (p) = p1A1 + pala — p3A3 — pala

B B R(=)+ g(=)— o R()+
A=1 N =+ - N3 =M= T

_ A+ @)NE +ah) G +aH+ D)
Pl 2¢F (1 4+ zTz) P2 2(zT)2(1 + 2 z1)

xr a:"' 2
p3 + p4 = ( 2(_33|_—|—)2)
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analogy with periodic case D = ¢ 30

~

W—l

(1 — Dp1A1D)(1 — Dp3A3D) (1 — DpgAgD) (1 — DpaAsD)
Z(—l)aDaJa,lpa

a

nopartice W=1 — pi=p3 po=pa %zﬁ—é‘zﬁ—f
change normalization
/\ —~
N5u(2) (p) = p3N3(ELA3 b P —1-0) = paNaAs#(2)
using A W, (2) = > .(—1)*D%, 1 D*
- rp(Hld uwtT B()=d]

(~D)%e1 = (a+ 1)y e — e
uw R()le]l g(—=)[—ad]
~ D O 5@l

d>1 tested against  eigenvaluesof dp; for N =1,2,3

+ (a—

also Wy 2y = 2sD%dy ;D constructed  dy > tested similarly
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Checking the Y functions
normalization BBY (11) particle p;; = LL—|—2“ (22) particle py5 = Tn

recover BBY from Yi(pn) = —1 — D1 (pq|py)e 2Pl = —1

J ~ ~ e~ 2P R~
d1(p) = So(p,p1)So(p1, —P) RS P)Ry (p) R (p) = = i)p(p()p)

Dy known — D, leadingLischer AFE = —
a

I 118

(}O_q o—28L
19 °™

(22) particle |2...2) ground state

: | [a] \*
A(p )Su( ) — 21D (p1N1 + poN\o — p3N3 — paN\g) — Da|22 — (ﬁ) Da|1i

L = 2 smallest among non-BPS operators ~ Oy (Z &% zL—1)

25 L[ =92 p= g AEQQ(g) = —g'2.2%(21¢(9) - 3-2%¢(5))
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(11) particle
3T

. T
11 L =2 = —, —
Pn {7274

}

NS

AEH(%) = —20.420(7.25¢(9) — 429 - 22¢(13) 4 2431¢(17))

AEH(% T %) = _25.420(_23.7.(99 = 70v2)¢(9) — 2(6765
F4785v2)¢(11) 4 2002(F5vV2 + 7)¢(15) 4 (7293 F 4862v2)¢(17))

no rational parts

LUscher for (22) smaller powers of g
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ABA, duality and generating functional

c'lvl’l(p) eigenvalue for generic state mq Yy roots mo w roots (Galleas
+ experience)

m _ o o
T R(+H)+ | p(—)+ B1|‘R:‘3|‘ Bil_RI_SF Q>
vt RYBI Q5=  wt BRI BT

 u” R{B3 Q> T - Ry B3

type 1 roots zT(p) =y type 2 u = w; type 3 z(p) = y ! Bethe eq.s:

R+, _ 1w @37 _ 1 BOq _ 1
R()+QTT R ut QTQ5~ o B(H)—Q5— —

2 x‘i‘(p):y Lz U=wy 2 az_(p)zy_l
interpretation: e massive y and o “magnhons” Sey(p,y) etc. known
BBY for y magnons R, (y) = R?j_(—y) szt(y) =1
BBY for o magnons R, (w) = R;F(—w) RI(w) =1

from Asw(2) Ws_ul(z) for generic case
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dualize y rootsin DTM

g(x) = x2™m2 [R(HQE — R(—)Qﬂ degree 2N + 4mo
m1 roots y;  mjq roots —y; m1 roots y; mjq roots —y;
m1 = N + 2mp — my q(x) = yB1R3B1R3
B1R3 B1R3 with mq1 — mq Yj = Y;
2m2
F = rRHQ; - ROQT independent
(@) = 557 R Q3] o indep
eigenvalue inthe sl(2) grading
m1—2my - [a+pto-—- - ptpt
Asl(2) _ @ R(H) - BIR3 Q- R~ BIR3
T~ R(+H)+ BT R; Q2 R(+)— BT Ry

B 5— - o+
wt B+ RIBy  wt RUB3 Q3

CwBO)+prpr T w- prpt
u~ Bl )+RlB3 u” R BT Q2

sl(2) sl(2) (2)
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