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Motivation

integrability in  AdS/CFT  both for closed and open strings

)

Lax-connection — monodromy matrix — quasimomenta
8-sheeted Riemann surface algebraic curve (AC)
[Bena Polchinski Roiban] [Beisert Kazakov Sakai Zarembo]

analytic properties —  AC for classical solutions energy
generalized to small fluctuations / semiclassical corrections
[Gromov Vieira]  [Gromov Kazakov Vieira]  [Gromov Kazakov Tsuboi]

large volume sol.sof Y system — scalinglimit — AC recovered



open strings (gauge th. determinant type operatros)
end on D-branes integrability preserved

monodromy matrix —  double row monodromy matrix (drmm)

generalize the AC construction
guasimomenta (log of) eigenvalues of drmm

Y = 0 Dbrane analysed in details (ABA and Y system / sol.s available)



Open monodromy matrix and quasimomenta

“open” monodromy matrix and classical double row transfer matrix
(Mann-Vasquez, Dekel-Oz)

(GS)oM with consistent iIntegrable boundaries

consistent: boundary terms vanish “gluing conditions”

integrable: Lax connection au(A, ) transport matrix

Opa1 — 01ag + [ag,a1] =0 T(02,01,\) = PeXD(fgaf doay (A, U))

closed string / periodic b.c. Qy(A\) =T(2m,0,)) 0o Tr(25) =0

open string / interval of length L integrability preserving b.c.

Q(\) = UpgT 1(L,0,-\)U;T(L,0,\) | Upo const. matrices (U2 = 1)




Urao(A, L) —ag(—A, L)Up, =0 Upag(A,0) —ag(—A,0)Ug =0
guarantee 002(N) = [ag(—=X\, L), 2(N)] integrability preserving b.c.

spectral curve for open strings replace  24(\) by Q(X)

b.c.and a,(A,z) interms of “currents” (Maurer-Cartan forms) j, € G

ap(X, ) = 1L1(N)ju(z) + lo(N)euwi” (z) I;(\) fromzZCC = EOM
[;(\) rational ( l1=1_—1>\2 l2=1_/\/\2 ) Uro independentof A

[U,jo0llp =0={U,j1}|B
split G=G1+G_1 [U,G1] =0={U,G_1} jolB€G1 JjilB€G-1

L
conserved charges: @ = [dojpo(oc) =Q1+Q@_1 only @1 isconserved
0

900 — (f dodojo = —(1(L) — 110N 1 — (G1(L) — 51(0)) _1



AdSs x S°® GSoM (Arutyunov Frolov) Maurer-Cartan one form

3 _ .
A=—g ldg = > Al g € SU(2,2|4) AG) Z4 component
i=0
“moving frame” flat connection L, “fixed frame” flat connection [,

Ny = gLag_l -+ 8ag g_l Z gA(Z) -1 _ Z ()
1=0
vanishing curvature = e.o.m. complex varlable C k= =1

1 1
Ip =1 11=5<<2+<—2> 12:‘2?(42‘(5_2) I3=¢ Iy=¢*

= (11 — 1)al? + Lyase®al® + (15 - Dal + (g — 1)al

consistent boundaries boundary term vanishes
[DO] w  metric preserving automorhism gluing conditions

(O =w@(¢Y) at o=0, 7 1@ =1 4D [ =& ;)

consistent with = symmetry breaks half of supersymmetry



integrable boundaries  transport matrix T (o5,01,() = Pexp( s2dols (o, C))

[DO] define in presence of boundaries

Tox(¢) = UgT ' (x,0,( HULT(,0,¢) U= *1
OrStr(Tp.-(¢)) =0 fff
Urlr (7, U7 = 1:(m, ¢ 1) Uol-(0, ¢ HU; = 17(0,¢)

wir(h) = U hU™1 satisfies all regirements for Y =0 brane Ug;,
matrices known U =idiag(1,—-1,1,—-1,1,1,—-1,-1)

To .(¢) openmonodromy Str(7p .(¢)) classical double row transferm

conserved globalcharges ¢(=1—-—w (1 —w)=wJ"/g+ ...
e.om. 9 J*=0 Q= [fdoJ” only Qe@ [Q,U]=0 -conserved

_ _ 2
Tox(Olem1—w = UoUw(l-l-%(U{lQUw-l-Q)-l-- )= UoUw<1+7“’Q+. )

UrlQUs = wy1(Q) w2y =1 9=



symmetry equations for Ty ()

La(¢) under Zg4 automorphism  KLa(¢)STK1 = —La(i0)

Tox(i¢) = R(TGHOSTR) ™ (0) K =g(0) Tk(g(0) 1T

Tox(¢TH) = UpTy 2(QOUG ™+ (o)

4+ 4 eigenvalues (A1,...Aalp1,...pnq) of  To ()

in terms of quasi-momenta of the S° and AdSs

N = e~ 0i(¢) ;= e~ 0i(¢) i=1,...4



Analytical properties

To -(¢) depends analyticallyon ¢ (¢ # 0, oo) but \; u; don't

define Y(Q):  m(QY(QOm () = —i¢ g 109(m()To.x(()m™1(())

eigenvalues by characteristic function

FEO.0 =0, FGO.0 =00 F(u.0) = pesdet(y - Y(©)

symmetry eq.s imply  F(y,i¢) = F(—y,¢) and F(y,( 1) =F(y,()
thus F(y,¢) dependson 2  y(¢2+¢2%)  ¢*4¢°
y isafunctionof (24 (2

. 2 .
we can introduce r = 1+C2 same as for closed string

open monodromy matrix function of « Ty x(x)

(—1/C ~ x— —x (—i( ~x— 1/x
reflection Inversion
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Symmetry and analitic properties of quasimomenta

x— 1/z (¢ — () inversion symmetry
pro(z) = —p21(1/z)  p3a(x) = —pa3(1l/x)

p12(x) = —p21(1/x)  p34a(z) = —ps 3(1l/x)

x— —x ((—1/Q) reflection symmetry

pi(—z) = —pi(z)  pi(—z) =—-pi(z) i=1,...,4
lo, singularitiesat = = +1 — simple polesfor p; p;
Virasoro constraint  str(l2) = 0 inversion reflection

_ _ _ _ . . . X
{p17p27p37p4|p17p27p37p4} ~ $2 _ 1{0&,0(,5,5|Oé,0é,5,6}

Tox({)l¢c=1—w Implies at r — oo

. ~ ~ ~ ~ = -~ -~ - 2 y
dlag(plap27p3ap4|plap27p3ap4) ~ g—acZQdiag

11



{p;(z)|p;(x)} quasimomenta eight sheeted Riemann surface

single polesat = = +1

square root branch cuts connectingtwo p;(x)/p;(x) bosonic
single poles simultaneously on  p;(z) p;(x) sheets fermionic

must respect inversion and reflection generic ones in fourfold multiplets

Explicit quasimomenta for circular open strings

idea: cut into “half” a rotating closed string solution [Stefanski]
Y = 0 brane b.c. satisfied (0 X = 0572 = 0)
AdSs x S°  metric

ds® = —cosh® pdt® + dp® + sinh? p(da® + sin® add? + cos® ad¢?)
+ dvy® 4 cos® yd¢7 + sin® y(dy® + cos® Pdes + sin® pdp3)

S®  coordinates X = cos~e?1  Z = sin~vycosyei?2 Y = sin~sinel?3

Y = 0 brane () = 0 or ¢ = 7) S3 dy? + cos? ydp3 + sin? ydep3
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the class of solutions p =0

v = g <~ X=0 Z = cos(no)e™T Y = sin(no)e®” t = KT

ocec(0,r) n=2N w2 = n? + 2 k2 =1v24+2n? v const.

energy and angular momenta FE = % AK Jy=Jy = %\/X\/nz + 2
BMN string is obtained for n =0

open monodromy matrix and quasimomenta

BMN I, = —5%-v(Py+ Pg) conts. Q= _2mvz

x2—1
M
T(m,0,z) = eXD(Q(Po-I-PS)) Tox(z) = (—) ( diag(ei?, ¢iS?, ¢—if2 e—iQ))

Ccos <2 0 sin 2 0

O cos €2 0 —sin 2 . ST

N R 0 P12 = —P34 = 357

0 sin €2 0 cos <2

P12 = =P34 = 57
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Quasimomenta for solutions with  n =2N £ 0

open monodromy matrix built from L, instead of [,

. __(H O
matrix form of L, = (O K)

in the “AdSs corner” K= —ajg—flm%diag (1,1,-1,—1)

AdSs quasimomenta p1o = —p3 4 = F°L = a;2x—1%

H inthe “Ss corner” o dependent solve diff. equ. to get monodromy

S guasimomenta:

~ 2 ~ ~ __ 2 -
p1 = m\/ +u?=—Fs  Po= 2%\ +w? =

reflection and inversion requirements residue synchronization satisfied
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Quasiclassical fluctuations of open string solutions
algebraic curve (AC) efficient way for semiclassical contributions

follow procedure for closed string  [Gromov]
add microscopic cuts poles to AC satisfying all requirements

for the BMN string P12 = —D34 = iﬁfﬁ p(x) — p(x) + dp(x)

75,7 pole shared by sheets 7 j pz(ajn) pj(x%j) = 27mn |a: | > 1

2 = an =1+ n2+12) N7 excitation# N =Y N}
n

p(x) — p(x) + dp(x) analytic and satisfy

e poles at z,/ with residues i%a(w%)Nﬁj a(z) = —
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e Obeyingthe x — 1/x andthe = — —x symmetry properties

pro(z) = —p21(1/z)  p3alx) = —pa3(l/z)  pi(—x) = —p;(x)
p12(x) = —p21(1/z)  p34(x) = —ps3(1/xz)  pi(—z) = —pi(x)

e residues at x = +1 coincide for p1, po, p1, p> and for p3, pa, p3, Pa

e the large = asymptotics of dp(x) S= X =Y
( i=3434 k  k=1212
[ 6A +25 NTi (—2y NTi
_ i - i
o1 SA 423 N2 OP1 —2y N2
op2 | 1 5 ) op2 | 1 i
0p3 9 | —6A — 25 Nk3 0p3 zg | 23 Nk3
0P4 k ~ P4 k ~
_5A — 2% NK4 25 N4
\ ) \"F )

0/ determines the energy E = A 4 excitation numbers
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for the BMN dp; explicitly

a(le)NQ’L

21 21 1i 14 1i 1i
g-5p2(x) = a_3% + z( 2o g ooy | alea))

r 422 1/z—zl 1/z+xli

_ o x3k 3k a x4k 4k o x4k; 4k
g-8p3(x) = B—5%= +Z e +( )N 4 o )N 4 ol )N)

r+x3k 1/z—z2 1/x+xtk
0p> . Opo with 12 — 12 etc. op1(x) = —6po(1/z) etc.

matching explicit ¢dp; to expected asymptotics equ. for A a B

solution with no constraints on Nfé,j for closed string 3 constraint

> > =~ . A . = . ~ .
consistent solution  JA = Y VATV (N4 N20 4 N4 N2
D i
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Quasimomenta from the Y system

closed string

[GKT] strong coupling scaling limit g ~ L ~ N — oo of as. Y functions —
— guasimomenta of closed string theory

[BNPS] Y = 0 spectral problem by the same T and Y systems
asymptotic solution and analytic properties different

closed string/periodic openstring/ Y =0
transfer matrix double row transfer matrix
Yo0= e_gaLta,lia,l Yo0= e_zgaLda,lda,l

ta 1 d,1 Solvethesame 1T  system

take strong coupling scaling limit of ‘new” Y =0 Y  functions
to obtain quasimomenta of open strings
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fund. double row transfer m. —  qu. generating function —  scaling limit
WLl =$,(~1)9DD, 1D D=e 2% thus Df(u) = f(u—L)D
SU(2) gradingin SU(2) subsector multiparticle states 11 type

scaling limit « = 2gz z%(2) = z(z + 4%) D only a formal expansion
parameter assuming [GKT] relation between D and classical one

p1(2) = —Pa(z) = —po(1/a) = p3(1/x) = LEZ22) 4 B(a)
p1(z) = —pa(z) = —p2(l/x) = 1'53(1/33) =
= 55 + B(@) + L(H-(1/a) + Hy(1/2))

J=L+14+ N Hr(z) = Z 1 QQ:ijzl_
J

] 1 m 137:ij

B(z) = 2—19902‘11 boundary contribution subleading
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Generic states particles with labels ab [Galleas] [BNPS]
Z; 2mb  (2mi) y roots 2mL  (2mL) w roots SU(22)1 g
procedure repeated succesfully

simple case sl(2) sector (by duality)
N fundamental particles 33 type

p1(z) = —p2(1/x) = —pa(x) = p3(1/x) =

(L+14+23; o)z 1
— g(mz—l)] + B(x) + Eﬁ;j: He(l/x)

p1(2) = —pa(1/2) = —pa(e) = P3(1/2) = SHE 4+ B(w)
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Conclusions

e described open monodromy matrix Tp . (x) and some of its properties (global
charges, symmetry equations)

e provides framework for classical spectral curve of Y = O brane
e explicit quasimomenta quasiclassical fluctuations

e strong coupling scaling limit of asymptotic 7" and Y functions
o consistent expressions for quasimomenta

e work in progress: generalization to O(N) sigma models with integrable
boundaries
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