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e SUSY for the gauged LLE

e SUSY for the Chern-Simons coupled LLE

e Summary



Non relativistic SUSY in planar Lévy-Leblond equation

non rel. SUSY: extend Schrodinger symmetry by anticommuting generators
(Duval, Horvathy) iIn d > 2 uniqgue N = 1 extension
ind =2two N = 1 combining into N = 2

Lévy-Leblond equation (LLE): in 341
L : —160 —2im)\ (P
“non relativistic Dirac eq.” for s = £ particle L7 S =0
ivistic Di q s = 5 parti ( o 25 ) (X)
its square Pauli equation N = 1 extension (Aizawa et al.)
here planar LLE its Schrodinger symmetry known (Duval, Horvathy, Palla)

describe nonrel. 2 4+ 1 space R by Kaluza-Klein reduction:

(M,g) 34 1 dim. Lorentz £ cov. const. lightlike R quotient of M
coordinateson M (t,zt,s)i=1,2 £=08s metric S (dz')2 + 2dtds
non rel. symmetries: higher dim. ones leaving & invariant



Free LLE and its bosonic symmetries massles 4d Dirac eq. yﬁw =0

by — o 4 (00 i_ (—iot 0\ . _ s_ (0 =2
7= 24" o (10)7 (sz 1=1,2 0 0

equivariance condition V¢ = ima and Ansatz ¢y = e (t, 20
—i079; —2im)\ [P v —g —i03 0
J _ — — KAV A PaO —
< Oy z‘aﬂaj> <x> 0 ] g1 Ao ( 0 i03>
[~ splits into two for 2 component ¢ [Mpe = —i€e e ==+
O4 0
__ ims | O —i(01 + €i0>) —2im be\ _ __ _ims | &—
Yy =e O ( Ot i(01 —€tdn) ] \xe) Y d==c X —
X+ 0
in 2d there are two LLE-s (!) since yﬁyﬁ = (—2im0oy — 010 )14 their
“squares”

P P 1
%, — H H=—0.0.1



bosonic symmetries: £(= 0s) preserving 4d conformal transformations

1
[B,Y] = Y S5 = —Zvﬂxg
explicitely (Or and 9; are trivial)
g (2ot zFo, + 1 0 i (105 = ima’ 0
o 0 2t0: + :Ckf?k + 2 o %JJ té?j — ima)
o — (120 +tat oy, + ¢ — i 0 | o ko
507 T t20; 4 tzko;, + 2t — %frz
7= _ 33152—1‘2314—% 0
0 10> — w01 + %

Schrédinger symmetry algebra sch(2) = (slo ® so(2))Sh(2)
Heisenberg algebra h(2)  [i0;,b%] = mé/*F1,  J forms so(2)

(i@t, d, K) form slo [d, Z@t] = —210, [i@t, K] =1-d, [d, K] = 2K
all 3 [B,'] =0 for later reference [d, H| = —2H



Supercharge candidates fermionic extensions F {F, yf} = Z;yf
(trivial sol. 7 = 14, JF = [ generate chiral rotation) non-trivial solutions

1

. k
- —1€LIO 8l 0 1 k
F=0=_—-_ =~ _~ke 8 >~ =0
¢ \/2m< 0 ieklakal> \/mey A ( @ )
0 B . .
F=N= <Q{8t g) — Q{’ytat—a’}/s (Z/\ = O) it 6—2’67’)’2,04 =0

normalizatons QQ =H AA=aB0;1,  commute with &

{r, Q} =0, {r,A} =0, {N,Q}=0

Qie/Npe opposite chirality to e — Qi1 /Ay solve LLE for ¢_ (!)
we need both ) and ) to represent Q/N

() and A commute with translations and rotation supercharge candidates

0O 1v2m
choose af =1 N\ = ( oy 0 ) for solutions of LLE
V2m

AN =i0;1g = H = QQ

for solutions of LLE (“weakly”) identify 0, and —51 9,0,



check weak identification in bosonic algebra
[H,i9;] =0 [H,J]=0 and [H,V]=1id; = [idb’] look whether
(H,d, K) also form si, algebra

2t(—oe-0301) + izk0y, + i 0 )
H, K — 2m . ) ) ]
LA, K] ( — 5ok oy, 2t(—5--0)0) + ik 0y + i

. 1 0 0 . 1 .

vt (—iak(?k —2mi> =vdt 4
last term vanishes for sol.s of LLE (!) weakly sl, algebra OK
Jacobi identity for [B, [H, K]] ?

Fermionic extension of the Schrodinger symmetry

new fermionic generators: commute A/Q with B start with A
ANV =27, j=1,2 {29,2F} =mdéTF14 {A\ 27} =id;14
IN,K] :=S8 5§58 = iK conformal supercharge



with @ analogously
[Q,V] =27 Z7 = —ey,2" {Q,27}y =i9j14 {Z7,2F} = mé'*1,

[@,K]:=8 85 =iK+ Ay weakly also conf. supercharge
(N, Z7,8) or (,27,5) give two N = 1 extensions of sch(2)

Q.: can we have them simultaneously? (anti)commutators between different sets

NSy =il4+Y ye=if me 0 Y bosoni tor ?
{N\, S} =iJ + = 2m \ 0Py imo new bosonic generator *
[B,Y]=0 B=1id, i9;, ¥, d, K, J
.~ ~ Y . ~
IN,Y] =1Q [Q, Y]~— i Vo Y A<+ Q weakly
similarly Y :  Z7 « ZJ Y: S8 Y can be included
B=id, i0;, V, d, K, J, Y F=ANA 2,8 0, 77, §

N = 2 extension of Schrédinger symmetry described by C. Duval and Peter
checked generalized Jacobi identities hold weakly

10



Remarks, discussion
° [B,I'] =0, {F,I'} =0 weneedboth ¥4 and +_

e this V = 2 extension same as the one in planar Pauli eq. (Duval, Horvathy)
generators are related non trivially Qog ~ c'0; “twisted” Qogq ~ eija’iﬁj
() 4d version of the “twisted” Q>4 but A is tricky 4d generalization of Q-4

-k
1 —10" 0, 0 . , B
Q= Jom ( 0 ik 3k> commutes with the Dirac op. [Q, yf] =0

Q=N+ \/%_m <é _Ol> yﬁ weakly they coincide

e in d (space) + 1 (time) dim. just one LLE when d odd and two when d even

free Diraceq. on  Mp—_g1»  Dirac spinor 2[P/2] dim.

irred. for D/d odd, no chirality I

splits into two 219/2] dim. Weyl for D/d even, 3 T

gen. of Aforanyd forevend {A, '} =0 N = 1 extension for any d
N =2 extension for d = 2 only

11



SUSY in gauged LLE

reduction from gauged Dirac eq. ;bzp =0 Dy = V, — ieay with ay(z)
U(1) gauge field  f,, = Ouay — Opa, closed 2 form  no e.o.m.

fw&” =0 guarantees f,, liftofclosed F 3 afB=t12
ay  lift of vector potential  Aq = (A¢, 4;)  for Fyg
gauged LLE by substitution 9; — D; = 9; —ieA; O — Dy = 0 —ieAy

—io/D; —2im)\ (P _
Dt iO‘ij X o

crutial difference to free LLE d; 0y commute D; Dy do not

consider s.p.m. gauge fields A; =0 9.A; =0 (Fi. =0 Dy = 0%)
“square” of gauged LLE

1 [D? 31101 A 0
8, ) — ) H,o— j—l—ea €L10kA] . .
X X 2m O Dj + eo EklakAl
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bosonic symmetries of gauged LLE [DHP] more complicated

B, {b] = —iey*(Lxza)u — %VMXg;b (Lxgza)u, Lie derivative of ay
if 1) solves gauged LLE, then B solves rather ﬁ(Bw) —ieyH(Lxza)up =0
check fermionic extension  start with (A, Z7, S)
{A, {Zﬁ} =0 it Ay=0 9A; =0 le. if gauge field s.p.m.

using simple identities and case-by case analysis: this N = 1 extension survives

story of (Q, Z7, 5) is different {Q, gﬁ} ~0 and QQ = H # H,

: k
. —1€L IO Dl 0] — .
can define Q. = —\/% ( 0 z’eklale> {Qe, ﬁ} =0 fors.p.m.
but cannot be supercharge as
10, Qe] = ———="e310;4; # O

\/T
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SUSY in LLE coupled to Chern-Simons th. (CS) 4d form of CS

f,uV — _\/ ge,ul/pafp] f,uJy — a,u&y — ayalu j’u 4d current
fuv lift of a closed Fi,3  j* projects to a 3 current J* = (p, JYa=1t1,2

CS descends as F,3 = —+/—geqp5yJ7  With our metric
(&

B = ezjazA] — —zp E"7 — th — ;Ejkjk 8t<]t + 6]J‘7 =0

—i0ID; —2im\ (P
J : —
couple CS to LLE < D, ; ]Dj> (X) =0

by identifying CS curent and natural LLE current
Dirac adjoint ¢ = 'G5y =G4l =+, Gi=a a= (Cl) é)
Vu(hyHy) =0 P = PyHap with our Dirac matrices
p=J =0 = ¢ [*+o-|° J =i(Plolx —xToTD)

In [DHP] £ preserving conformal transformations act as symmetries on sol.s
whatabout N =1 extensionby (A, Z7, 5)?
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(N, Z7, §) symmetry of gauged LLE if A; =0 OA; =0
here imply static sol.s with definite chirality spinors only

Fii=0—J7=0 andalso &p=0— x=0, O d =0

Xx+=0 x-=0 andstatic ¢+ satisfy

(D1+iD2)¢1 =0  (D1=iD2)¢-=0  cidj = — (I¢4[*+Io—|)

normalizable sol. when only one of ¢+ %= 0O

since {I,F/} =0 underany F

4 3 0
o> 0 & o> b o
= ~ | =F = | _ has opposite chiralit
=lo]  ()=7()= |5 rescesto cuany
0
p and JJ stay invariant CS eq.s preserve their form under any F

N = 1 extension survives
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Summary
e showed N =2 extension of Schrodinger sym. for the free planar LLE
4  two LLE-s for 4+ we need both
extension exists weakly for solutions of LLE

e N =1 partsurvives for gauged LLE when gauge field is s.p.m.

e the same N = 1 extension is a symmetry of the solution space of the
coupled Chern-Simons - LLE system
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